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Abstract. In this paper we extend some results from [TB] and 
|21) . concerning wave-front sets of Fourier-Lebesgue and modula- 
tion space types, to a broader class of spaces of ultradistributions, 
and relate these wave-front sets with the usual wave-front sets of 
ultradistributions. 

Furthermore, we use Gabor frames for the description of discrete 
wave-front sets, and prove that these wave-front sets coincide with 
corresponding continuous ones. 



0. Introduction 

Wave-front sets with respect to Fourier Lebesgue and modulation 
spaces were introduced in [21j and studied further in [201122( 123] . Among 
other properties, it was proved that wave-front sets of Fourier Lebesgue 
and modulation spaces agree with each others, and that the usual wave- 
front sets with respect to smoothness (cf. [15^ Sections 8.1-8.3]) can be 
obtained as wave-front sets of sequences of Fourier Lebesgue or modu- 
lation spaces. Discrete versions of wave-front sets of Fourier Lebesgue 
and modulation spaces, related to those wave-front sets in [26j, were 
introduced and studied in [16]. In particular, it was proved that these 
agree with corresponding continuous ones. 

In this paper we extend some results from [16] and [21] to a broader 
class of spaces of ultradistributions. Instead of polynomial growth at in- 
finity, here we study objects which may have almost exponential growth 
at infinity. We may thereby recover the usual wave-front sets of ultra- 
distributions, see Section [2J 

Furthermore, we introduce discrete versions of wave-front sets of ul- 
tradistributions and prove that these wave-front sets coincide with cor- 
responding continuous ones (cf. [16]). The results in form of series, 
established when introducing these discrete versions, might be useful 
for numerical analysis of micro-local properties of functions and ultra- 
distributions. For example, we use Gabor frames for the description of 
discrete wave-front sets. (See [Slin] for numerical treatment of Gabor 
frame theory.) With that respect we emphasize that in the process of 
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analysis and synthesis of a signal, Gabor frame coefficients also give 
information on micro-local properties of the signal. 

Since compactly supported smooth functions are used in the process 
of microlocalization we are limited to the use of weights with almost 
exponential growth at infinity described by the Beurling-Domar con- 
dition. We refer to subsection 10.11 for the notions and to jl2] for a 
discussion on the role of weights in time-frequency analysis. 

Our investigation can therefore be considered as the starting point 
in the study of analytic wave-front sets and pseudodifferential opera- 
tors with ultrapolynomial symbols, known also as symbol-global type 
operators. This will be done in a separate paper. 

The paper is organized as follows. In Section [T] we introduce wave- 
front sets of Fourier Lebesgue types with respect to ultradistributions. 
These are compared to other types of wave-front sets in Section |2j In 
Section [3] we discuss wave-front sets of modulation space types and 
show equivalence with those of Fourier Lebesgue types. Sections |1H6] 
are devoted to discrete versions of wave-front sets. For the reader's 
convenience the results in Sections [lH6] are formulated in terms of ul- 
tradistributions of Roumieu type and necessary explanations concern- 
ing the Beurling type ultradistributions and differences between the 
Roumieu and Beurling cases are given in the last section. 

0.1. Basic notions and notation. In this subsection we collect some 
notation and notions which will be used in the sequel. 

We put N = {0, 1, 2, . . . }, Z+ = {1, 2, 3, . . . }, {x) = (1 + \x\'^Y/\ for 
X G R*^, and A < i? to indicate A < cB for a suitable constant c > 0. 
The symbol Bi ^ B2 denotes the continuous and dense embedding of 
the topological vector space Bi into B2. The scalar product in is 
denoted by {■,-)l2. Translation and modulation operators are given by 

TJit) = fit-x) and MJ(t) = e*<«'*VW • (0.1) 

0.1.1. Weights. In general, a weight function is a non-negative function. 

Definition 0.1. Let uj,v be non-negative functions. Then 

(1) f is called submultiplicative if 

v{x + y) < v{x)v{y), V x, ?/ G R"^; 

(2) u is called v-moderate if 

(^(x + y) <v{x)u{y), Vx,?/GR'^. 

For a given submultiplicative weight v the set of all f-moderate weights 
will be denoted by 

If G ^t,, then 1/v < u ^ v, u ^ everywhere and l/w G ^^i- 
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In the sequel v will always stand for a submultiplicative function. 
Submultiplicativity implies that v is dominated by an exponential func- 
tion, i.e. 

3C,A;>0 such that t;<Ce^l-l. (0.2) 

A submultiplicative weight v satisfies the GRS condition (the Gelfand- 
Raikov-Shilov condition) if lim v{nxY^^'' = 1, for every x G R'^. 

n—^oo 

Let s > 1. By ^{s}(R'^) we denote the set of all weights which are 
moderate with respect to a weight v which satisfies v < Ce'^'''^''' for 
some positive constants C and k. The weight v satisfy the Beurling- 
Domar non-quasi-analyticity condition which takes the form 

logv(nx) ^, 
^ , ' < oo, xe R^ 

n=0 

and which is stronger than the Gelfand-Raikov-Shilov condition, cf. 



0.1.2. Test function spaces and their duals. Next we introduce spaces 
of test functions and their duals in the context of spaces of ultradistri- 
butions. We start with Gelfand-Shilov type spaces. 

Definition 0.2. Let s > 1 and A > 0. We denote by 5j^(R'^) the space 
of all functions ip G C°°(R'^) such that the norm 

\Ms,A= sup sup — — (x)l"l|(^(^)(x)| 

is finite. Then the projective limit is denoted by ^'■^•'(R'^), i.e., 
5W(R'^)=proj hm SXiR"), 

A— s>oo 

and the inductive limit is denoted by iS''^'*J'(R'^), i.e., 

S^'\R'^) = ind lim51(R'^). 

A-j-O 

The space S^^^ is called the Gelfand-Shilov space of order s. 

The strong dual spaces of S^^^H"^) and iS''^''J'(R^) are spaces of tem- 
pered ultradistributions of Beurling and Roumieu type denoted by 
(5(^))'(R'^) and (5^">)'(R°'), respectively. If s > t, then 



^ 5^*}(R'^) c_> 5(^)(R'^) ^ S^'^H 



^ {S^'^YiK'') ^ {S^'^YiK'') ^ [S^'^YiK'') ^ (5W)'(R''^ 



In order to perform (micro)local analysis we use the following test 
function spaces on open sets, cf. |18] . 
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Definition 0.3. Let X be an open set in R''. For a given compact 
set K G X, s > 1 and A > we denote by S^j^ the space of all 
if G C°°{X) such that the norm 

\Ms,A,K= sup sup— —Iv?^^) (a;) I (0.3) 

is finite. 

We denote by S^{K) the space of functions ip G C°^(X) such that 
(10. 3p holds and supp C K. 

Let {Kn)n be a sequence of compact sets such that Kn CC Kn+i and 
{jKn = X. Then 

£'^'\X) = proj lim (proj lim S^^J, 

S^'\X) = proj lim (ind lim ^^^J, 

p(")(X) = ind lim (proj lim SX{Kn)), 

n—^oo A^oo 



and 



V^'^X) = ind lim (ind lim £XiK„)) 

n— >oo A— s>0 



The spaces of linear functionals over V'-'^X) and V^'^X), denoted 
by (V^'^y{X) and (I?^">)'(X) respectively, are called the spaces of 
ultradistrihutions of Beurling and Roumieu type respectively, while 
the spaces of linear functionals over ^(^)(X) and f^^>(X), denoted by 
(^("))'(X) and (f{*>)'(X), respectively are called the spaces of ultra- 
distrihutions of compact support of Beurling and Roumieu type respec- 
tively, [18J. We have 

{S^'^)\X) C {£^'^)'{X), (£(^))'(X) C (£(^))'(R'^) and 

{S^'^)'{X) C (£^^^)'(R^). 

Clearly, 



(^^^>)'(R'') C (5{^>)'(R^) C {V^'^)'{n'') 

and 

(£(^))'(R'') C (5(^))'(R'') C (p(^))'(R^). 

Any ultra-distribution with compact support can be viewed as an ele- 
ment of (5(i))'(R"'). 

Obviously, V^'\X) iV^'^{X) resp.) are subspaces of 8^'\X) (of 
£^^^{X) resp.) whose elements are compactly supported. We also re- 
mark that a usual notation for the space V'^^^iyX) is G^{X) (cf. |24]). 
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0. 1.3. Fourier- Lehesgue spaces. The Fourier transform ^ is the hnear 
and continuous mapping on ^'(R*^) which takes the form 

{^im = m ^ (2vr)-'/^ / /(x)e-<^'«> dx 

when / e L\R'^). It is a homeomorphism on (5{">)'(R'^) (on (<SW)'(R'^) 
resp.) which restricts to a homeomorphism on »S''^''-''(R'') (on <S^*^(R'') 
resp.) and to a unitary operator on L^(R''). 

Let g G [1,00], s > 1 and u G ^{s}(R'^). The (weighted) Fourier 
Lebesgue space t^L^^^(R°') is the inverse Fourier image of L^^^(R'^), 

1. e. ^LJ^^(R'^) consists of aU / G (5{*>)'(R"') such that 

\\f\U.^\\f.u;\\L.. (0.4) 

is finite. If a; = 1, then the notation =^L* is used instead of ^Ll^^y We 
note that if c<;({) = then ^L'^(^^-^ is the Fourier image of the Bessel 
potential space H^. 

Remark 0.4. In many situations it is convenient to permit an x depen- 
dency for the weight u in the definition of Fourier Lebesgue spaces. 
More precisely, for each uj G ^{s}(R^'^) we let -^Lj^^^ be the set of all 
ultradistributions / such that 

\\f\u^^\\Mx,-)u, 

is finite. Since u is f-moderate it follows that different choices of x 
give rise to equivalent norms. Therefore the condition ^ < cxd 

is independent of x, and it follows that (R-'^) is independent of x 

although II ■ II might depend on x. 

1. Wave-front sets of Fourier-Lebesgue type in spaces of 

ROUMIEU TYPE ultradistributions 

In this section we introduce wave-front sets of Fourier-Lebesgue type 
in spaces of ultradistributions of Roumieu type. 

Let s > 1, g G [1, 00], and F C R'^ \ be an open cone. If / G 
(5{^>)'(R<^) and u G ^{4(R2<^) we define 

\fUr\ = \fUT\ ^ ( / \mM^,o\'diY' (1.1) 

(with obvious interpretation when q — oo). We note that | • 1^/,^-^ 

defines a semi-norm on (<S'!^''^)'(R'') which might attain the value -|-oo. 

Since u is f -moderate it follows that different x G R"^ gives rise to equiv- 
alent semi-norms \f\^j^q,r . Furthermore, if F = R'^\0, / G ^^L? JR"*) 

and g < oo, then |/|^^9,r agrees with the Fourier Lebesgue norm 

(a;),x 
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For the sake of notational convenience we set 



B = ^Ll^ = ^Ll^iR'), and | ■ |e(r) = | ■ . (1.2) 

We let Qsif) = Q^l" if) be the set of all ^ G R'* \ such that 
|/|e(r) < oo, for some open conical neighbourhood F = of ^. We 
also let be the complement of Ob(/) in R-'' \ 0. Then QbH) 

and ^sif) are open respectively closed subsets in R*^ \ 0, which are 
independent of the choice of x G R"^ in fll.ip . 

Definition 1.1. Let s > 1, q G [l,oo], B be as in f ll.2p . and let X 

be an open subset of R'^. If a; G ^{s}(R^°'), then the wave- front set of 
ultradistribution / G (V^''^)' (R'^) , WFe(/) = WF.^^. (/) with respect 

to B consists of all pairs {xo, ^o) in X x (R'^ \ 0) such that £ 
holds for each Lp G 'D^'^\X) such that <f{xo) ^ 0. 

We note that WFb(/) is a closed set in R'^ x (R'^ \ 0), since it is 
obvious that its complement is open. We also note that if a; G R'^ is 
fixed and u)q(^) = u{x,C,), then WF6(/) = WF^^q (/), since is 

independent of x. 

The following theorem shows that wave-front sets with respect to 
JFLJ^^-^ satisfy appropriate micro-local properties. It also shows that 
such wave-front sets are decreasing with respect to the parameter q, 
and increasing with respect to the weight u. 

Tiieorem 1.2. Let s > 1, q,r G [l,c>o], X be an open set in R*^ and 
uj,i!} e ^{s}(R^°') be such that 

r<q, and u{x, ^) < i}{x, (1.3) 

Also let B be as m dLSj) and put Bq = =^L[^^)(R^). If f e (I?("))'(R'^) 
and if G V'^'\X) then 

WF8(¥^/) CWF^5„(/). 

Proof. By the definitions it is sufficient to prove 

Sb(¥^/)CSbo(/) (1.4) 

when v3 G V'^'^X), t9 = and / G (£:('))'(R'^), since the statement 
only involves local assertions. For the same reasons we may assume 
that a;(a;, ^) = is independent of x. Finally, we prove the assertion 
for r G [1, oo). The case r = oo follows by similar arguments and is left 
to the reader. 

Choose open cones Fi and F2 in R"' such that F2 C Fi. We will use 
the fact that if / G (£("))'(R'^) then 1/(0^^(01 ^ e'^l^l'^' for some A; > 
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and prove that for every > 0, there exist Cn > such that 
l^/|B(r.) < C^(\f\Boir.) + sup {\mMO\e~''^^^''l) 

when r2 C Fi. (1.5) 

Since u e ^{4(R2^) by letting F(0 = 1/(0^(01 and = 
1^(0^(01 we have 



r2 



< 



where 



■^1= (/ (/ i^{^-v)F{v)dvJd^ 
■^2= (/ i^{i-v)F{v)dvj 



l/r 



1/r 



'T-2 ^JZl-^ 

Let go be chosen such that l/go + l/g = 1 + 1/r, and let be the 
characteristic function of Fi. Then Young's inequality gives 

where = W^Wlw < oo. If (p E V^^\X), then for every > there 
exist Cat > such that 

^(e) = 1^(0^^(01 < C;ve-(^+'=)l«l''^e'=l«l''^ < C;ve-^l«l''^ (1.6) 
In order to estimate J2, we note that F2 C Fi implies that 

> cmaxder/Mr^l^/^) 

>lm'^'+\v\'^'), eeF2, r/^Fi (1.7) 

holds for some constant c > 0, since this is true when 1 = |^| > \r]\. A 
combination of (II. 6p and (11. 7p implies that for every A'^i > we have 
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This gives 



< sup le-'^^^'^^'^'Fm, 

which proves fll.Sp and the result follows. □ 

2. Comparisons to other types of wave-front sets 

Let u G ^{s}(R^'^) be moderated with respect to a weight of poly- 
nomial growth at infinity and let / G V(X). Then WF^j^q (/) in 

Definition 1 1.1 1 is the same as the wave- front set introduced in [2T1 Defi- 
nition 3.1]. Therefore, the information on regularity in the background 
of wave-front sets of Fourier-Lebesgue type in Definition 11.11 might be 
compared to the information obtained from the classical wave-front 
sets, cf. Example 4.9 in |21] . 



Next we compare the wave- front sets introduced in Definition II. II to 
the wave-front sets in spaces of ultradistributions given in p ^ lT9 | l2^. 

Let s > 1 and let X be an open subset of R'^. The ultradistribution 
/ G {'D^^^)'(R'^) is (s)-micro-regular ({s}-micro- regular) at {xq,^o) if 
there exists ip G 'D(^)(X) {if G V^'^X)) such that ip{x) = 1 in a 
neighborhood of Xq and an open cone F which contains ^0 such that for 
each k > (for some A; > 0) there is a C > such that 

|J/(0|<Ce-'=l«l''\ ^GF. (2.1) 

The (s)-wave-front set ({s}-wave-front set) of /, WF(,)(/) (WF{,|(/)) 
is defined as the complement in X x R'^\0 of the set of all {xq, ^q) where 
/ is (s)-micro-regular ({s}-micro-regular), cf. \2A\ Definition 1.7.1]. 

The {s}-wave- front set WF{<,}(/) can be found in |19] and agrees 
with certain wave- front set WFi(/) introduced in [T^, Chapter 8.4]. 

Remark 2.1. Let s > 1, / G (V^'^yiR'^), ip G £^'^{I{f) and ipo G 
T>^^\X) be such that '^{x) = 1 in a neighborhood supp lpq. Also let Fq, F 
be open cones such that Fq C F. If ( 12. ip holds for some fc, C > 0, then 
it follows by straight-forward computations, using similar arguments 
as in the proof of Theorem II .21 that (12. ip is still true for some /c, C > 
after has been replaced by lpq. Hence it follows that the following 
conditions are equivalent: 

(1) (a;o,eo)^WF|,}(/); 

(2) for some ip some conical neighborhood F of ^ such 
that ip{xQ) = 1 in a neighborhood of xq and some C, > 0, it 
follows that (EUD holds; 



(3) for some if G some conical neighborhood F of ^ such 

that ip{x{)) = 1 in a neighborhood of xq and some C, /c > 0, it 
follows that (O) holds. 



Consequently we may always choose ip in T)^^\X) in the definition 
ofWF{,|(/). 

In most of our considerations we are concerned with {s}-micro- 
regularity. For this reason we set WFs(/) = WF{s}(/) when / G {T>^^^)' . 

Proposition 2.2. Let q G [l,oo], s > 1, and let ujs{i) = e^'^'^^' for 
^eR'^andk>O.Iffe (V^'^YiR'^) then 

flWF^i. (/)=WF,(/). (2.2) 

k>0 

Proof. Recall that when k is fixed, the set WF^^.^ ^ (/) is defined via 
G V^'\X), cf. Definition O 

Therefore the set f]k>o^^.^Ll^ is the complement of the set of 

points (xo,^o) £ R'^"' for which there exists k > 0, ip E V^^\X) such 
that <f{x) = 1 in a neighborhood of xq and an open cone F which 
contains .^o such that 

|?/(Oe'=l«l''?rfO'^'<oo. (2.3) 



r 



The assertion is obviously true when q = oo. 

Therefore, let q G [1, oo) and assume that (xo,^o) ^ WF^^oo (/) for 
some A; > 0. Then for any e > such that k — e > we have 

f |J/(Oa;fc-.(ONe<sup(|J/(Ore'=^l«l''l / e'^l^l^'^ < oo, 
r €er Jr 



which means that 



when 



{xo,^o)^f]WF,^L. if) 

I I lull.) 



(-fc) 

k>0 



(a:o,eo)^nwF^^r„^,(/). 



fc>0 

On the other hand, since the wave-front WF^^i (/) is decreasing 
with respect to the parameter q, see Theorem II. 2[ we have 

flWF^i^ (/)Cp|WF^^^. (/), gG[l,oo]. 

k>0 k>0 

This completes the proof. □ 



3. Invariance properties of wave-front sets with respect 

to modulation spaces 

In this section we define wave-front sets witli respect to modulation 
spaces, and sliow tliat tliey coincide witli wave-front sets of Fourier 
Lebesgue types. 

3.1. Modulation spaces. In this subsection we consider properties of 
modulation spaces which will be used in microlocal analysis of ultra- 
distributions. 

Let s > 1. For a fixed non-zero window e S^'^R'^) (0 G S^'^R'^) 
respectively) the short-time Fourier transform (STFT) of / G 5''^'*^ (R'^) 
(/ G 5*^*-*(R'^) respectively) with respect to the window is given by 

V^fix, = {27r)-'/' [ f{y) W^e-'^^'y^ dy , (3.1) 

Remark 3.1 . Throughout this section we consider only the case S^^^ (R^) 
and remark that the analogous assertions hold when iS''-^-'' (R'*) is re- 
placed by S'-'\R'^). 

The map (/, 0) ^ V^f from 5{*>(R"') x 5^^>(R^) to 5^">(R2°') ex- 
tends uniquely to a continuous mapping from (5^^>)'(R'=') X (5^^>)'(R'^) 
to (5{^>)'(R2'^) by duality. 

Moreover, for a fixed G iS'^^^J' (R'^) \ 0, s > 1, the following charac- 
terization of 5''^''J'(R'^) holds: 

feS^'^R'^) ^ V^f eS^'^R''^). (3.2) 

We refer to [T3 | [28 ] for the proof and more details on STFT in 
Gelfand-Shilov spaces. 

Now we recall the definition of modulation spaces. Let s > 1, w G 
^{4(R2'^), p,q e [l,oo], and the window G S^'^R"^) \ be fixed. 
Then the modulation space M^^^{R'^) is the set of all ultra-distributions 

/ G (5^^>)'(R'^) such that 

ll/IUf'^ = II/IIa/p.?.^ = ll'^^/t^llLf' < oo. (3.3) 
Here || • \\j^p,i is the norm given by 

when F G ^^^^^(R^'^) (with obvious interpretation when p = oo or 
q = oo). Furthermore, the modulation space W^^^^(R'^) consists of all 

/ G (5{^>)'(R"') such that 
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where || ■ H^.P'-j is the norm given by 

when F e Ll^i'R'^'^). 

If w = 1, then the notations M^'^ and W^''^ are used instead of 
and Wj^^'^ respectively. Moreover we set M^^s^ = Wj'^s^ = M^^^ and 

We note that M^''^ are modulation spaces of classical forms, while 
y/p,<i are classical forms of Wiener amalgam spaces. We refer to |4j for 
the most updated definition of modulation spaces. 

If s > 1, p, g G [1, C)o] and u G ^{s}(R^'^), then one can show that 
the spaces ^L^^)(R^), ^/^^^(R'^) and W'^{Il'^) are locally the same, 
in the sense that 

^Li^{n') n (^^^>)'(R^) = Mj:5(R'^) n {s^'^)'{n') 

= iyj;)(R^)n(^^^^)'(R'^). 

This follows by similar arguments as in [25j (and replacing the space 
of polynomially moderated weights with ^{s}(R^°')). Later on 

we extend these properties in the context of wave-front sets and recover 
the equalities above. 

The next proposition concerns topological questions of modulation 
spaces, and properties of the adjoint of the short-time Fourier trans- 
form. 

Let s > 1, a; G ^{,}(R2"'), <p G 5^ \ and e LJ;5(R2'^). 

Then V^F is defined by the formula 

{V;FJ)^{F,V^f), /g5«(R'^). 

In what follows we let L^^^^(fi), where Vt C R"', be the set of all F G 

-^Lc(^) ^^'^^ that 

is finite, where is the characteristic function of Vt. 

Proposition 3.2. [Ij Let s > 1, w G ^{s}(R^'^), p,q E [l,oo], and 
4>,(pi G 5^'^^(R'^), with (0, 0i)l2 7^ 0. Then the following is true: 

(1) the operator from S^^^H^''') to S^^^H'^) extends uniquely to 
a continuous operator from L^^^>|(R^'^) to M^^^(R'^), and 

||V;F||M-<C||r^,0|Li^J|F|U..; (3.4) 

(2) M^^(R'^) is a Banach space whose definition is independent on 
the choice of window (f) G 5*^^-* \ 0; 

(3) the set of windows can he extended from S^'\R'^)\0 to M(^^^(R'^)\ 
0. 
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3.2. Wave-front sets with respect to modulation spaces. Next 
we define wave-front sets with respect to modulation spaces and show 
that they agree with corresponding wave-front sets of Fourier Lebesgue 
types. More precisely, we prove that Theorem 6.1] holds if the 
weights of polynomial growth are replaced by more general submulti- 
plicative weights. 

Let s > 1, G 5^">(R^)\0 (0 G 5W(R^)\0), uj G ^{,}, T C R'^yo 
be an open cone and let p,q & [l,oo]. For any / G (iS''^*J')'(R'^) (/ G 
(5(^))'(R'^)) we set 

|/|B(r) = |/|B(</.,r) = ||V0/||LPj^'?(Rdxr) 

when i3 = M(^^ = Mf4(R^). (3.5) 

We note that \f\t3{4,.r) might attain +oo. Thus we define by | ■ |g(r) a 
semi-norm on (iS'f''^)'(R^) (or on (S^^^)' (R'^) ) which might attain the 
value +00. If F = R"' \ and G 5^">(R^), then |/|B(r) = II/IIa/,^;^- 
We also set 

|/|B(r) = l/lw) = (^^ [J^\V^fix,O0Jix,O\'d^Y'dxy' 

when B = W^ = W^{R') (3.6) 

and note that similar properties hold for this semi-norm compared to 
(I33|). 

Let CO G ^{,}(R2'^), p,qE [I, oo], f G (5(^))'(R'^), and let B = 
or B = W^. Then Qisif), Ee(/) and the wave-front set WF^if) of / 
with respect to the modulation space B are defined in the same way as 
in Section [1], after replacing the semi-norms of Fourier Lebesgue types 
in flLip with the semi-norms in fl3.5p or (13. 6p respectively. 

We need the following proposition when proving that the wave-front 
sets of Fourier-Lebesgue and modulation space types are the same. The 
result is an extension of Proposition 4.2]. 

Proposition 3.3. Let s > 1. Then the following is true: 

(1) zffe (^^">)'(R^) and (f) G 5(")(R"'), then 

for every h > and every e > 0; 

(2) tf f e (V'-'^yiR'^) and in addition G ^'(^^(R'^) \ 0, then f G 
(^^">)'(R^), if and only if supp V^f C K X R'^ for some compact 
set K and 

for every e > 0. 
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Proof. In order to prove (1) we assume that / G (£^*J')'(R'^) and G 
5(")(R'^). Also let ^ G V^'^R"^) such that = 1 in supp/. Then for 
every e,h > it holds that 

and 

1/(61 <e^'«l^^^ 
By straight-forward calculations, it follows that 

m{x,o\ = mi^mx,o\ < m<p{x,-)\ * mo 



Now, the assertion follows since both e and h can be chosen arbitrarily. 

Next we prove (2). First assume that G V^^^IV^) \ and / G 
(£^^*J')'(R'^). Since both and / have compact support, it follows that 
supp(V0/) C K X R''. Furthermore, 

Since V^f{x,C,) has compact support in the x-variable, it follows that 
for every e > 0. 

In order to prove the opposite direction we assume that supp V^/ C 
K X R'', for some compact set K, and 

for every e > 0. Then 

1/(01 = I / V^f{x,Odx\ < e^l«l''\ Ve > 0. (3.7) 

Assume that supp (j) ^ K and choose G V^^"^ (R"') such that supp fl 
= 0. Let X ^ 2K, then 

(/,^) = (n/,^0^) = o, 

which implies that / has compact support. Hence, (13. 7p and the fact 
that / G (P("))'(R^) give / G (£W)'(R^). □ 

Theorem 3.4. Lets >l,p,qe [l,oo], w G ^^,}{R^'^), B = ^L^^)(R'^), 
an(i /et C = M^{K'^) or C = W[J^{R'^). If f e (p("))'(R^) th 



en 



WFh(/)=WFc(/). (3.8) 

In particular, WFc(/) independent of p and (p G iS*^*''(R'^) \ in (13. 5p 
an(^ (I33|) . 
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In the proof of Theorem 13. 4[ the main part concerns proving that 
the wave-front sets of modulation types are independent of the choice 
of window G 5(^)(R'^) \ 0. Note also that the dual pairing between 
/ G (5^^>)'(R'^) and G S^'^R"^) is well defined. 

Proof. We only consider the case C = M^^y The case C = Wj'^'^ follows 
by similar arguments and is left for the reader. We may assume that 
/ G (E^^^yin^) and that uj{x,^) = w(^) since the statements only 
concern local assertions. 

In order to prove that WFc(/) is independent of G S^'\R'^) \ 0, 
we assume that 0, 0i G 5*-'^^(R"') \ and let | ■ |ci(r) be the semi-norm 
in (13. 5p after has been replaced by 0i. Let Fi and r2 be open cones 
in R*^ such that T2 '^Ti. The asserted independency of follows if we 
prove that 

|/|c(r.)<C^(|/k(ro + l), (3.9) 
for some positive constant C. Let 

= { (x, ; ^ G Li } C R^'^ and ^2 = C^i C R^'^, 

with characteristic functions Xi cind X2 respectively, and set 

Fk{x,0 = \V^rfix,OHOXk{x,0, k = l,2, 

and G = \V^(j)i{x,C,)\v{C,). Since u is f-moderate, it follows from [TT| 
Lemma 1L3.3] that 

\V^f{x, Ouj{x, 1 < {{F, + F2) * G) (x, 0, 
which implies that 

l/lc(r,)< + (3.10) 

where 

Jk={l {J^JiFk*G)ix,0\'dxY'd^Y\ A; = 1,2. 

By Young's inequality 

Ji < \\Fi * < = C\f\c,ir,), (3.11) 

where C = \\G\\li = ||1^^0i(a;, 0^^(0 lUi < in view of (K2^ . 

Next we consider J2. For ^ G F2 and r] G CFi, it follows from (11. 7p . 
Prop osit on 13 . 3 1 and (13. 2p that for every N,l > and for some A; > we 
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may choose h > such that 



< ^-hc\x\^/y2^{k-ifm^/- / / g-7V|j/li/=_ftc|j/lVV2g(«+2fc~ftc/2)lr,|l/« ^^^^^ 



Therefore 

q/p \ 1/9 
( / \{F2*G}{x,0rdx] ■ 

'Fa 



^2=(^ [I^J{F,*G){x,0\''dxy'd^'^ 

This proves that ([3lD, and hence WFc(/) is independent of G S'-'\R'^)\ 
0. 

In order to prove (13. 8p we assume from now on that (p in (13. 5p is real- 
valued and has compact support. Let Pq E [1, 00] be such that po < p 
and set Cq = M^^j"^. The result follows if we prove 

eco(/) C 0e(/) C Qcif) when p, = 1, p = 00, (3.12) 

and 

ec(/)ceco(/). (3.13) 

The proof of the first inclusion in (I3.12p follows from the estimates 

,1/9 



i/kr)< (^i/mor^e 



< 



< 



r ^ J'R'i 



\^{m--xmMo\dxYdt'^' 



for some positive constant C. 



mix,OuJmdxY dA'^' = C\f\c,ir), 
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Next we prove the second inclusion in (I3.12p . We have 
l/lc(r,) = ( / sup \V^f{x,0^{x,0\'d^^'^' 



< 



sup \{\f\*\^{<f>{--x))\moo{0\'dC'^' 
r2 xeB.'i 

1/? 



< 



m\*\mMO\'d^ 

Fa 



< 



r2 



{{\f-u\*\^-vmyd^ 



1/9 



where E T)^^\X) is chosen such that = 1 in supp /. The second 
inclusion in (I3.12p now follows by straight-forward computations, using 
similar arguments as in the proof of (11. 5p . The details are left for the 
reader. 

It remains to prove fl3.13p . Let K C R*^ be compact and chosen such 
that V^/(x, ^) = outside K, and let pi G [1, c>o] be chosen such that 
1/ Pi + 1/ Po = 1 + 1/ p. By Holder's inequality we get 



|/|co(r) = (^^ iV^fix^Oooix^OrdxY'^d^"^ 

< Ck^J^ [j^^ \V^f{x,i)u{x,i)\^dx^'''' dif'' = CK\f\c{Ty 
This gives f l3.13p . and the proof is complete. 

□ 

Corollary 3.5. Let s > 1, p,q e [l,oo], and u G ^{s}(R^'^). If f e 
(iS'f'^^)'(R'^) is compactly supported, then 

feB ^ WFb(/) = 0, 

where B is equal to ^Lj^^^ ^{J) '^'^ ^(^)- 

In particular, we recover Corollary 6.2 in [21j, Theorem 2.1 and Re- 
mark 4.6 in 1251. 



4. Discrete semi-norms in Fourier Lebesgue spaces 

In this section we introduce discrete analogues of the semi-norms in 
(11. ip and (13. Sp . and show that these semi-norms are finite if and only 
if the corresponding non-discrete semi-norms are finite. The techniques 
used here are similar to those in [16j. 
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Assume that q e [l,oo], s > 1, u e ^{^(R'^), B = ^/.^^^(R'^), and 
H C R"' is a discrete set. Then we set 



1/9 



/eC(R'^)n(5{^>)'(R'^) 



with obvious modifications when q = oo. As in the continuous case, we 
may allow weight functions in ^{5}(R^°'), i.e. a; = u{x,^). However, 
again we note that the condition 



I/I 



(D) 
B{H) 



< OO 



is independent of x G R''. 

By a lattice A we mean the set 

A = [aid H h adCd] ai, . . . , G Z}, 

where ei, . . . , is a basis in R'^. 

The following Lemma was proved for distributions, cf. [T6 | l26 | [2l 



Lemma 4.1. Let s > 1, f E {S^'^YiK'^), T and Tq be open cones m 
R'^ \ such that L^ C L, g G [1, cx)], and let A C K'^ be a lattice. If 

|/|s(r) is finite, then \fff^l^r^A) finite. 

Proof. We only prove the result for q < oo, leaving the small modifica- 
tions in the case g = oo for the reader. Assume that |/|H(r) < oo, and 
let if = To n A. Also let (p G ^'(^^(R'^) be such that ip = 1 in supp /. 
Then 



(l/lB(ronA))'' 



J2 i^i^mM^i 



< 



where 



^2 = E (//te-^)^(^)^^)'• 



Here we set F{^) = 1/(0^^(01 ^^'^ V'lO — l^(0'^(OI ^^e proof of 
Theorem 11.21 
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We need to estimate and 82- Let c be chosen such that u is 
moderate with respect to w = e'^' ' . By Holder's inequahty we get 

<c'\\Frj!fj2 [ m-v)Fiv)ydv 



where 



<C" j^F{^ydr^ = C"\f\ 

c" = c'\mt'' sup 



B(r)' 



is finite by (11. 6p . This proves that Si is finite 



It remains to prove that S2 is finite. We observe that 

c 

2' 



when G H and G CF. 

Since / G (£{^>)'(R'^) it follows that 

\F\ < e^l-l^^^ 

for every positive constant c. Furthermore, since (p e V^'\R'^), it fol- 
lows that for each > 0, there is a constant such that ip < 
CAre~^l■l^''^ This gives 



Cr 



where we have used the fact that u is f-moderate. The result now 
follows, since the right-hand side is finite when N > 2k /c. The proof 
is complete. □ 

Next we prove a converse of Lemma HTTj in the case when the lattice 
A is dense enough. Let ei, . . . , in R'^ be a basis for A, i. e. for some 
Xo G A we have 

A = {xo + hd H h tdCd, ti, . . . , G Z}. 
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A parallelepiped spanned by Ci, . . . , for A and with corners in A, 
is called a A-parallelepiped. This means that for some G A and some 
basis ci, . . . , for A we have 

D = {xo + tici H h tdCd] ti,...,tde [0, 1]}. 

We let ^(A) be the set of all A-parallelepipeds. For future references 
we note that if Di,D2 G ^(A), then their volumes \Di\ and \D2\ agree, 
and for convenience we let ||A|| denote the common value, i.e. 

||A|| = = \D2\. 

Let Ai and A2 be lattices in R*^ with bases ei, . . . , and ei, . . . ,ed 
respectively. Then the pair (Ai, A2) is called admissible lattice pair, if 
for some < c < 27r we have (e-,-, Sj) = c and {ej, Sk) = when j 7^ k. 
If in addition c < 27r, then (Ai,A2) is called a strongly admissible 
lattice pair. If instead c = 27r, then the pair (Ai, A2) is called a weakly 
admissible lattice pair. 

Lemma 4.2. Let s > 1, (Ai,A2) be an admissible lattice pair, Di G 
v4.(Ai) (be open), and let f G {£^^^y{Il^) be such that an open neigh- 
bourhood of its support is contained in Di. Also let T and Tq be open 
cones in such that Tq C T. If |/|^rnA2) ^'^ finite, then |/|B(ro) 'is 
finite. 

Proof. Since Di contains an open neighbourhood of the support of /, 
we may modify Ai (and therefore Di) such that the lattice pair (Ai, A2) 
is strongly admissible, and such that the hypothesis still holds. From 
now on we therefore assume that (Ai,A2) is strongly admissible. 

We use similar arguments as in the proof of Lemma 14.11 Again we 
prove the result only for g < 00. The small modifications to the case 
q = 00 are left for the reader. 

Assume that |/|g|'rnA2) ^ ^'^'^ ^ V^^\Dl) be equal to one 

in the support of /, where denotes the interior of the set Di. 
By expanding / = ipf into a Fourier series on Di we get 

/(0 = c5^^(e-6)/te), 

where the positive constant C only depends on A2. We have 

i\f\Biro)y= [ imMoi'd^ 

J To 
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where 



^1 



^2 



ro 



i/i = r n As and = Cr n A2. 

We have to estimate 5*1 and 82- Let u be moderate with respect to 
the weight f (■) = e^'''^''\ By Minkowski's inequahty we get 

<c^7 IE l^(e-6)^(e-6)ll/teVte)M 



where 



C' = Csup||^(e-6)t'(e-6)ll^/(l)<oo, and C" = C'll^lU^i^^ < 00. 



This proves that Si is finite when |/|^rnA2) ^ 

It remains to prove that 5*2 is finite. We recall that 

le - 61'/^ > cmax(|e^/^ 161'/^) > c(ier/^ + i6r/^)/2 

when ^ G Fq and E H2, 



and use the same arguments as in the proof of Lemma 14.11 to obtain 



di 



< 



-qNc/2\i\^/- 



ro 



-(Afc/2-fc)|C,|i/» 



di. 



The result now follows, since the right-hand side is finite when N > 
2k /c. The proof is complete. □ 

Corollary 4.3. Let s > 1, (Ai, A2) be an admissible lattice pair, Di G 
^(Ai), and let f E (S^^^y^R/") be such that an open neighbourhood of 
its support is contained in Di. Also let T and Tq be open cones in TV^ 
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such that To C T. If |/le(rnA2) fi^'^^^' ^^^"^ Iv^/lecronAa) fi'^'^^^ f^"^ 
every ip G V'^^\X). 

For the proof we recall that |v5/|B(ro) is finite when / G {S^^^)' {Rf) , 
ip G T)^^^{X\ and |/|B(r) is finite. This follows from the proof of The- 
orem 11.21 

Proof. Let Fi, F2 be open cones such that F^ C Fj+i for j = 0, 1, F2 C 
F, and assume that |/|^rnA2) ^ Then Lemma shows that |/|B(r2) 
is finite. Hence, Theorem 11.21 implies that \(pf\B(ri) < 00. This gives 
Iv^/lerr nA ) ^ view of Lemma [4.11 The proof is complete. □ 



5. Gabor pairs 

In this section we introduce in Definition 15.11 the notion of Gabor 
pairs. We refer to [L6l for an explanation that conditions in Definition 
15.11 are quite general. 

By Definition 15.11 it follows that our analysis can be applied to 
the most general classes of non-quasianalytic ultradistributions, and 
it also points out the role of Beurling-Domar weights in definitions of 
^LJ^)(R^) and M['^^(R'^), cf. [3l[l2l[l3]. On the other hand, a larger 
class of quasianalytic ultradistributions can not be treated by the tech- 
nique given here, since the corresponding test function spaces do not 
contain smooth functions of compact support. 

Assume that ei, . . . , is a basis for the lattice Ai, and that (Ai, A2) 
is a weakly admissible lattice pair. If / G L^^^ is periodic with respect 
to Ai, and D is the parallelepiped, spanned by {ei, . . . ,6^}, then we 
may make Fourier expansion of / as 

f(x) = J2 cie'^^'^^'K X G R'^ (5.1) 

(with convergence in L'^^^), where the coefficients q are given by 

ci= [ fiy)e''^''^'^ dy. (5.2) 

J A 

Here and in what follows we let 

y = 2/iei H h yded, dy = dyi--- dya and A = [0, 1]"*. 

(5.3) 

For non-periodic functions and distributions we instead make Gabor 
expansions. Because of the support properties of the involved Gabor 
atoms and their duals, we are usually forced to change the assumption 
on the involved lattice pairs. More precisely, instead of assuming that 
(Ai, A2) should be a weakly admissible lattice pair, we assume from now 
on that (Ai, A2) is a strongly admissible lattice pair, with Ai = {xj}j^j 
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and A2 = Also let s > 1 and 

and iljjj{x) = ipix - Xj)e'^'''^''^ (5.4) 

be such that {0^ /gj and are dual Gabor frames (see [TtITT] 

for the definition and basic properties of Gabor frames and their duals). 
If / G (5^^>)'(R'^) then 

where 

Cj,« = Q,V>(/,fe)L2(Rd) (5.6) 

and the constant C^ ,^ depends on the frames only. 

Note that the convergence is in (>S^">)'(R'^) due to Proposition 1X3 

Definition 5.1. Assume that e G (0,1], {xj}j^j = Ai C R'^ and 
{6}/eJ = A2 C R'^ are lattices and let Ai(£:) = eAi. Also let 0, G 
C^(R'^) be non- negative, and set 

0^ = 0(-/£), r = i^i-/e), (5.7) 

(j)^. ^ = (f)^{. - eXj)e'^-'^'\ = - exj)e'^-'^'^ 

when exj G Ai(£:) (i.e. xj G Ai) and C,i G A2. Then the pair 

iWjAj,i€J, {^i,/}i,/ej) (5.8) 

is called a Gabor pair with respect to the lattices Ai and A2 if for each 
e G (0, 1], the sets {4>ji}j,i£j and {'ipj i}j,i(^j are dual Gabor frames. 

By Definition 15.11 and Chapters 5-13 in [llj it follows that if / G 
(5^'*^)'(R'^) and if ({0j- z^j, {^pj,i}j,iej) is a Gabor pair, then 

in (5'f'^^)'(R'^), for every e G (0, 1], where 

c,x^) = (/,V'i,j. m" 

Here (■, ■) denotes the unique extension of the L^-form on iS'^^^^' (R'^) x 
5W(R'^) into (5^">)'(R'^) X (5^">)'(R^). 

We remark that if the pair in (15.81) is a Gabor pair, then it follows 
from the investigations in that the lattice pair (Ai, A2) in Definition 
15.11 is strongly admissible. 

The following proposition explains that any pair of dual Gabor frames 
satisfying a mild additional condition, generates a Gabor pair. 
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Proposition 5.2. [16] Let G C^(R'^) be non-negative functions 
and let (pj^i and ipj^i be given by (15. 4p . ^4/50, let Ai and A2 be the same 
as in Definition \5.1\ If {(f)j i}j i^j and {"^/^j^jj^ej are dual Gabor frames 
such that 

J2 - x,)^P{- - X,) = \\A,\\-\ (5.9) 
holds, then (15. 8p is a Gabor pair. 

Remark 5.3. li (p = ip, then (15.91) describes the tight frame property of 
the corresponding Gabor frame, cf. |TT| Theorem 6.4.1]. 

Remark 5.4. Let p, g G [l,oo], uj G ^{^(R^^), and / G (£{*>)'(R'^). If 
{4'j,i}j,iej) is a Gabor pair such that (15. 5p and (15. 6p hold, 
then it follows that / G M(^^^(R°') if and only if 

i&j j&j 

is finite for every e G (0,1]. Furthermore, for every e G (0,1], the 
norm / 1— )■ ||/||[e] is equivalent to the modulation space norm (1.3) 

(cf. [aiEiEiiii].) 

6. Discrete versions of wave-front sets 

In this section we define discrete wave-front sets with respect to 
Fourier Lebesgue and modulation spaces, and prove that they agree 
with the corresponding wave-front sets of continuous types. In the first 
part we consider discrete versions with respect to Fourier Lebesgue and 
modulation spaces, and show that they agree with each other, and also 
with the corresponding continuous ones. In the second part we con- 
sider more general situations, where we discuss similar questions for 
sequences of spaces. In such a way we are able to characterize Horman- 
der's wave-front sets with our discrete approach. 

6.1. Discrete versions of wave-front sets with respect to Fourier 
Lebesgue and modulation spaces. We start with two definitions. 

Definition 6.1. Let s > 1, g G [1, 00], / G (5^"^)'(R'^), and let (Ai, A2) 
be a strongly admissible lattice pair in R'^ such that xq ^ Ai. Moreover, 
let UJ G ^{s}(R°') and B = ^L^^^(R°'). Then the discrete wave-front 
set DFe(/) consists of all (xo,^o) G X x (R'^ \ 0), X C R^ is open 
such that for each Lp G V^^^X) with (p{xo) 7^ and each open conical 
neighbourhood F of it holds 

For the definition of discrete wave-front sets of modulation spaces, 
we consider Gabor pairs {{4'j.i}j,i&j, {V^i,i}i,iej); and let 
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be the set of all j & J such that 

XoGsupp0^^ or XoEsnppipji. 

Definition 6.2. Let s > 1, p,g G [l,oo], / G and let 

(pj-ip E T''^'*^(R'^) be non-negative such that {'4'j,i}j,i-<^j) ^ 

Gabor pair with respect to the lattices Ai and A2 in R'^. Moreover, let 
u e J^{s}{^^'^) and C = M'^{R'^). Then the discrete wave-front set 
DFc(/) consists of all (xo,^o) G X x (R^ \ 0), X C R^^ is open, such 
that for each e G (0, 1] and each open conical neighbourhood F of ^o, 
it holds 

where 

and the constant C^^^p depends on and ip only. 

Roughly speaking, (0:0,1^0) ^ DFc(/) means that / is not locally in 
C, in the direction ^o- The following result shows that our wave- front 
sets coincide. 

Theorem 6.3. Let s > 1, X C R^ be open and let f G 
Then 

WFh(/) = WFc(/) = BFtsif) = DFc(/). (6.1) 

Proof. By Theorem 13.41 and Lemmas 14 . 1 1 and | 4 . 2 [ it follows that the first 
two equalities in (16.11) hold. The result therefore follows if we prove that 
DFb(/) = DFc(/). 

First assume that (xo,^o) ^ DF0(/), and choose Lp G V^^^X), where 
1 < t < s, an open neighbourhood Xq C Xq C X of Xq and conical 
neighbourhoods F, Fq of ^0 such that 

• Fq C F, ^p{x) = 1 when x G Xq, 

• \ f fleiH) < ^) when = A2 fl F. 

Now let {{4>j,i}j,i<^j, {V'j,/}j,«Gj) be a Gabor pair and choose e G (0, 1] 
such that supp 0^ ; and supp tpji are contained in Xq when Xq G supp 0^ ^ 
and G suppipj i- Since 

it follows from these support properties that if Hq = A2 (ITq, then 

= = |/¥.V^(-/^-^.)lS^'io), (6.2) 
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when j G J^oie). Hence, by combining Corollary 14.31 with the facts 
that Jxoi^) is finite and Iv^/I^]^) < oo, it follows that the expressions 



in (16 ■2p are finite and 

This implies that (xq, ^o) ^ DFc(/), and we have proved that DFc(/) C 
DFb(/). 

In order to prove the opposite inclusion we assume that {xq,^o) ^ 
DFc(/), and we choose e e (0,1], Gabor pair ({0j,«}i,igj, {V'jvkzej) 
and conical neighbourhoods F, Fq of such that Fq C F and 

when if = A2 flF. Also choose (f,KE V^^^X) such that ^^Xq) ^ and 
k{x) — Xj) = 1, when xGsupp^?. 

Since Jxo(^) is finite. Holder's inequality gives 



9\ 1/g 



, q/p\ i/<? 

IP 



^(E( E 

where ifo = A2 fl Fq. By Corollary 14.31 and (16. Sp it now follows that 
the right-hand side in the last estimates is finite. Hence, \f f^jg^H^) < 
00, which shows that (xo,^o) ^ DF6(/), and we have proved that 
DFb(/) C DFc(/). The proof is complete. □ 

In the following corollary we give a discrete description of the s-wave- 
front set, WFs(/), from Section [2J 

Corollary 6.4. Let q G [l,C)o], s > 1, and let iUkiO = e^'^'^'''' for 
^eR'^andk>O.Iffe (^{^>)'(R°'), then 

f|DF,^^, (/) = WF,(/). (6.4) 



A:>0 
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We remark that a discrete analogue of WFs(/) also can be introduced 
in a similar way as in [261l27|. Let us denote this set by WF^ and 
refer to it as toroidal s-wave- front set. It can be proved that 

WF,,t(/) = T'^ X n WF,(/), (6.5) 

where T'^ is the torus in R'^. 

A significant difference between the toroidal wave-front sets and our 
discrete wave-front sets lies in the fact that WFr(/) only informs about 
the rational directions for the propagation of singularities of / at a 
certain point, while DF(/) = WF(/) takes care of all directional for / 
to that point, we refer to [L6\ for an example. 
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